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Abstract 
Seifter, N., On the girth of infinite graphs, Discrete Mathematics 118 (1993) 279-287. 
Let X be an infinite k-valent graph with polynomial growth of degree d, i.e. there is an integer d and 
a constant c such that fx(n)<cnd, where fx(n) denotes the growth function of X. We show that the 
girth of such a graph has an upper bound depending on c and d. We also prove that for every triple 
(k,d, I) of integers with k> 3, d> 1, 123, there exist k-valent connected graphs with polynomial 
growth of degree d and girth greater than 1. This means that in general the girth of graphs with 
polynomial growth mainly depends on the constant c in the upper bound of the growth function. We 
also prove lower bounds for the girth of Cayley graphs of certain classes of groups with polynomial 
growth. 
1. Terminology and introduction 
By X( V, E) we denote a graph with vertex-set V(X) and edge-set E(X). All graphs 
considered in this note are undirected, locally finite and contain neither loops nor 
multiple edges. By AUT(X) we denote the group of automorphisms of X, id denotes 
the identity mapping. A group G < AUT(X) is said to act transitively on X if for every 
x,y~ V(X) there exists a gEG such that g(x)= y. If such a group exists we call 
X transitive. 
If for any UE V(X) the stabilizer G, < G of a vertex VE V(X) consists of the identity 
only, then G acts semiregularly on X. If G also acts transitively on X we say that it acts 
regularly on X. 
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Let p be a homomorphism from X, onto X2 and let S(v), UE V(X,), denote the star 
consisting of u and all edges incident to u. If p(S(v)) is isomorphic to S(v), for every 
UE V(X,), we call p a covering map and X, a covering graph of X,. 
If a group G acts transitively on X, then an imprimitivity system of G on X is 
a partition T of V(X) into subsets called blocks, such that every element of G permutes 
the blocks of T. Among imprimitivity systems we include the partition of V(X) into 
singletons and into V(X) itself. If T is a partition of V(X) into blocks of a group 
G which does not act transitively on X then T is called a block system of G on X. The 
quotient graph X, is defined as follows: V(X,) is the set of blocks and two vertices vrr 
W,E V(X,) are adjacent in X, if and only if (u, w)EE(X) for some vertices UEU~, WEW,. 
By G, we denote that group acting on X, which is induced by G. It is a homomorphic 
image of G and G, <AUT(X),<AUT(X,). 
Let be subset of G, where l$H and H = H - ‘. Then the Cayley graph C(G, H) of 
G with respect to H is defined on the vertex-set V(C(G, H))= G and the edge-set 
This graph is connected if H generates G and locally finite if H is finite. Furthermore 
G itself acts regularly on C(G, H) by left multiplication. 
The growth function of a graph X, with respect to a vertex C’E l’(X), is defined by 
fx (u, 0) = 1 and 
where d(v, w) denotes the distance between v and w. If X is transitive the growth 
function clearly does not depend on a particular vertex L’, therefore we denote it by 
fx(n). We say that X has exponential growth if there exists a constant c> 1 such that 
fx(n)>c” for all n3 1. Otherwise X has nonexponential growth. In particular X has 
polynomial growth iff,(n),<cnd holds for some constants c and d. 
These definitions coincide with those given for groups (see e.g. [7]). By the above 
definition of Cayley graphs it is obvious that we can identify the growth functions of 
a group G and that of its Cayley graph with respect to some generating set H. If 
a finitely generated group G has polynomial growth, i.e. fc(n) < end, we know from 
Gromov’s [7] deep result that G contains a nilpotent subgroup of finite index. This, 
together with a result of H. Bass (cf. [2, Theorem 2]), also implies that there always 
exist constants cl, c2 such that clndd,fc(n)bc2nd holds for some integer d. This well 
defined integer, which does not depend on the generating set, is called the growth 
degree dc of G. A deep result of Trofimov (cf. [15]) implies, that the same also holds 
for the growth functions of transitive graphs with polynomial growth. Hence we call 
the least integer d such that fx(n) < end holds for some constant c, the growth degree dx 
of X. If X is not transitive, but if a group with polynomial growth acts semiregularly 
and with finitely many orbits on X, then Babai’s Contraction Lemma (cf. [l]) implies, 
that the growth degree is again an integer. 
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We say that a group G almost has a property P if it contains a normal subgroup of 
finite index which has property P. For basic group theoretic terminology and results 
we refer to [l l] and [14]. 
In [S] Erdiis and Sachs proved the existence of finite k-valent graphs X with 
g(X) > log,_ 1 n, where g(X) denotes the girth of X and n = 1 V(X)l. Their proof is 
not constructive and it is a difficult problem to construct graphs with large girth 
explicitly. In [12] Margulis gave such a construction. The bound given in [12] was 
improved by Imrich [S]. He proved that for every integer k > 2 there exist infinitely 
many finite k-valent Cayley graphs X whose girth g(X) asymptotically satisfies the 
inequality 
g(X)>O.4801 log,_ 1 n. 
The best known lower bound for the girth of finite graphs is 4 log,_ 1n (cf. [lo]). It 
also is a constructive bound but only holds for special values of k. 
As was also shown in [12], it is quite easy to give an upper bound for the girth of 
finite graphs as a function of the number of vertices. Hence it is a natural question to 
ask, if there is an upper bound for the girth of graphs with polynomial growth which 
only depends on the valency and the growth function. In Proposition 2.1 we show that 
for a k-valent connected, infinite graph X with girth g+ 1 whose growth function is 
bounded above by end, d > 1, the inequality 
holds. This means that the girth of graphs with polynomial growth is bounded from 
above by a bound depending on the growth function. Since the above inequality 
involves c and d the question arises if for a given growth degree d, there exists an upper 
bound for the girth, which only depends on d. We show that in general such a bound 
does not exist, since for every triple (k, d, I) of integers with k 2 3, d 3 1 and 13 3 there is 
a connected k-valent graph X with polynomial growth of degree d and g(X) > 1. We do 
not know if these graphs are transitive, but it can be shown that finitely generated 
torsion free abelian groups act with finitely many orbits on them. Hence, it follows 
from Babai’s Contraction Lemma (cf. [l]) that those graphs are contractible onto 
Cayley graphs of abelian groups. On the other hand, it is easy to see that the girth of 
Cayley graphs of abelian groups (with valency k 3 3) cannot be greater than 4. Hence 
it is interesting to look for groups which are in some sense close to abelian groups, but 
have Cayley graphs (with fixed valency k) whose girth tends to infinity with increasing 
growth degree. We show that for every k > 2 there exist solvable almost abelian groups 
with polynomial growth which have Zk-valent Cayley graphs whose girth is arbitrarily 
large. It is also immediately follows from the proof of this result that the girth of those 
Cayley graphs grows very slowly compared with the growth degree. 
So the question arises if there is a lower bound for the girth of Cayley graphs of 
groups with polynomial growth, which compares with the bounds for finite graphs. 
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Let Xi denote Cayley graphs of finitely generated almost abelian groups with 
polynomial growth of degree di. We show that for every integer k>3 there exist 
infinitely many k-valent Xi with 
2. The results 
We first prove that an upper bound for the girth, which depends on the growth 
function, really exists. 
Proposition 2.1. Let X be a k-valent connected graph with fx(n)<cnd and girth g + 1. 
Then 
LBJ-log,-lc<d 
lw-lL!lJ 
holds. 
Proof. Let QE V(X). If X has girth g + 1 then the subgraph Tof X which is induced by 
{UE V(X)Id(v,,v)<<g/2J} is a tree. Suppose 
Lwog,-lc>d 
lw-ILfJ ’ 
Then 
log,-,(k-l)>dlog,-, 
and hence 
But since T is a treefx(Lg/2J)>(k- l)Lg/‘! and hencef, (Lg/2 J)>c(Lgp J)*, con- 
trary to the assumption that &(n)<cn* for all n> 1. 0 
Of course the inequality of Proposition 2.1 can be improved but as the main 
purpose of this proposition is to show that an upper bound for the girth of graphs with 
polynomial growth in terms of c and d exists, we avoided more complicated expres- 
sions and only proved this simple inequality. 
Proposition 2.1 suggests that the growth degree alone never bounds the girth of 
graphs with polynomial growth i.e. that the constant c is the main parameter in the 
above inequality. In the sequel we show that this really is the case. In order to do this 
we first construct Cayley graphs of almost abelian groups whose girths have lower 
bounds which do not depend on the constant in the growth function. 
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Theorem 2.2. For every integer k > 2 there are infinitely many integers di and Cayley 
graphs Xi of$nitely generated almost abelian groups with polynomial growth of degree 
di, valency k and 
Proof. In [3, p. 1271, the following construction of a covering graph of a graph Y with 
respect to a group G is given: Each edge (u, v)EE( Y) gives rise to two l-arcs, (u, v) and 
(u,u). By S(Y) we denote the set of l-arcs and by q:S(Y)+G we denote a mapping 
such ~(u, u) =(cp(v, a))- ’ for all (u, u)ES( Y). The covering graph f= F(G, cp) of Y with 
respect to G is defined on the vertex set V(P) = G x V(Y) and two vertices (h,, u), 
(h,, V)E V(t) are adjacent in ? if and only if (u, v)ES(X) and h, = hI cp(u, u). 
Now, let Y be a k-valent Cayley graph of a finite group H with 1 V( Y)I = n and 
g(Y) > 0.4801 log,_ 1 n. By T we denote a spanning tree of Y. It is well known (cf. [9]) 
that the fundamental group rc( Y, u) of Y at UE V(Y) is a free group with the edges of 
E( Y)\E (T) as generators. We now consider the group A = rc( Y, u)/[rr( Y, u), n( Y, u)]. It 
is a finitely generated free abelian group where the generators a,, . . . , ad, a; ‘, . . . , aa 1 
of A are the images of the generators of ~(Y,u) under the homomorphism 0 from 
7c( Y,u) onto A. Hence A rZd. Since d is equal to the rank of n( Y,u) the equality 
d = kn/2 -n + 1 holds, which implies that n = 2(d - l)/(k - 2). 
We now consider the covering graph P= f(A, cp) of Y with respect to A where 
cp is defined as follows: cp((u,u))=cp((v,u))= 1 if (u,v)EE(T) and Cp((Vi,Wi))= 
ai,~((wi,vi))=a,~‘, l<i<d, f or all arcs arising from edges (Vi, Wi)EE( Y)\E(T). 
In the sequel we prove that g(f) 3 2g( Y). Let r? be a cycle in F. It immediately 
follows from the construction of P that K’ corresponds to a group element 
a?’ . ..&a.q’ . ..air -qr = 1. Let K =p(K”) where p denotes the homomorphism from 
?onto Y which maps the vertices (h, u) onto u for all hE A and UE V(Y). Obviously p is 
a covering map. It is clear that K is a closed walk in Y and that every image p(e) of an 
edge eEI? which corresponds to one of the generators of A, occurs an even number of 
times in K. Suppose there is an edge tE T, t =(ul, vz), which occurs exactly once in K. 
Let V,, Vz denote the vertex sets of the two components of T \t with ui E I’, , v2c Vz, 
respectively. By e,, . . . , e, we denote those edges of K\T which connect vertices of VI 
and V2. Since each of those edges occurs an even number of times in K and K is 
a closed walk, also tE T must occur at least twice in K. This implies that I? has at least 
two times the length of the smallest cycle in KG Y and so g(F)>,2g( Y). 
Hence g( P)>O.9602 log,_ 1 2(d- l)/(k-2) and if d is large enough, the inequality 
g(P)>O.96 log,_,2(d-1) 
also holds. Clearly P is a connected k-valent infinite graph and since A acts with 
finitely many orbits on F, it has polynomial growth of degree d. The homomorphism 
p also induces a mapping p* from z(F,t?) into 7c(Y,u), where G~p-l(u). It is not 
difficult to show (cf. [6, Proposition 2.31) that p*(n( F, E))= [x( Y, u), x( Y, u)] holds. 
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Then it follows from Theorems 4 and 5 in [4], that the lifted group E? (Y is a Cayley 
graph of a finite group H) acts regularly on P and that A is a normal subgroup of F?. 
Hence, by a result of Sabidussi (cf. [13]), P is a Cayley graph of @ which has all 
required properties. Since d grows with the number of vertices in the finite graph Y, 
the first part of our theorem follows immediately. 0 
We emphasize that we can use the same methods to prove that there 
exist graphs X with valency k and polynomial growth of degree d such that 
g(X) > (2 -E) log, _ 1 2(d - 1) holds for any E > 0. But this bound only holds for those 
special values of k for which the bound given in [lo] holds. 
Our next result is formulated as a Corollary of Theorem 2.1 but we want to 
emphasize that it can also be shown independently from it. 
Corollary 2.3. For every triple (k, d, 1) of integers with k 2 3, d > 1 and 13 3, there exist 
k-valent connected graphs Y with polynomial growth of degree d and g(r) > 1. 
Proof. Let X be a Cayley graph of a group fi as constructed in the proof of 
Theorem 2.1 and let g(X)>21. Without loss of generality we can assume that d&d. 
Furthermore we know that an abelian group A g Zdx acts with finitely many orbits on 
X. Also A is normal in l? and hence the orbits of A on X give rise to a imprimitivity 
system CI of H” on X. It follows from the construction of X that the homomorphism p, 
p: X+X,, is a covering map and g(X,) > 1 holds. 
Let aEA. Then (a) is a normal subgroup of A and so the orbits of (a) on X give 
rise to a block system T of A on X. Since the orbits of (a) on X are suborbits of A on 
X we have g(X,) > 1, and since p is a covering map the homomorphism from X onto 
X, also is a covering map. Furthermore the group A, acts with finitely many orbits on 
X,. Since A,=ZdA-’ and A, also acts semiregularly on X,, Babai’s Contraction 
Lemma (cf. [l]) implies that X, is contractible onto a Cayley graph of A,. Hence X, 
has polynomial growth of degree dx - 1. 
We apply this construction of quotient graphs until we obtain a graph Y with 
growth degree d. It is obviously k-valent and g(Y) > 1 holds. We also mention that in 
general the graph X,, and hence also Y, will not be transitive since (a) need not be 
a normal subgroup of ti. 0 
The graphs of Theorem 2.2 are Cayley graphs of almost abelian groups. On the 
other hand it is easy to see that the girth of k-valent Cayley graphs of abelian groups 
cannot be greater than 4 if k > 3. Therefore it is of some interest to look for almost 
abelian groups which satisfy further assumptions, but whose girth still tends to infinity 
with increasing growth degree. 
Theorem 2.4. For every pair (k, 1) of integers with k>2 and 12 3 there exist infinitely 
many 2k-valent Cayley graphs Xi of solvable almost ahelian groups Si with polynomial 
growth and g(Xi) > 1. 
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Proof. Let F,, denote a free group of rank k with a free generating set H. Then the 
group F, which is generated by all g2, gEF,, is a characteristic subgroup of index 2k of 
F,, (cf. [4, p. 2461). By Pi, i32, we denote that subgroup of Fi_ 1 which is generated by 
the squares of the elements of Fi_ 1. Since every Pi is a characteristic subgroup of 
Fi_ 1 it also is a normal subgroup of Fo. 
By T we denote the Cayley graph of F. with respect to H. This is a Zk-valent tree. 
We also identify the vertices of T and the elements of Fo. Then, since F0 acts by left 
multiplication on T, we write gv instead of g(u) if we consider the image of a vertex 
UE V(T) (an element of F,) under gEFo. 
We first show that d(u,fi) 32’ holds for all fEFi> f# 1. Let i= 1 and assume that 
there is anfE F, such that d(v,fv) = 1 for some UE V(T). Without loss of generality we 
can assume that u= 1. Since F0 acts regulary on T by left multiplication this immedi- 
ately implies that f=a for some acHuH -l. But this contradicts the fact that F1 
contains none of the generators of F,. 
Let i>2 and assume there is an f~Fi such that d(u,fu)<2’ for some vertex 
UE V(T). Since Fi is normal in F,, and F. acts regularly on T by left multiplication, we 
can again without loss of generality assume that d(l,f)=m < 2’. 
Case 1: Let m>2’-‘. 
By P= P(l,f) we denote the unique path in T from 1 tof: We first show that the 
vertices of P* = P\{ j> are in pairwise different orbits of Fi_1 on T. 
For suppose there is a WEP* and an hEFi- 1 such that hw~P*. We set x =d(hw,f) 
and y=d(w,hw). Then d(l,w)=m-y-x where x31 and ~32’~’ by induction 
hypothesis. Hence 
d(h,f)=d(h,hw)+x=d(l,w)+x=m-y<2’-’. 
But this implies that d(l,K’f)<2’-‘, a contradiction since h-‘f~P’_i. 
In [l, p. 1271, Babai showed the following: If a group G acts semiregularly on 
a graph X then it is always possible to find a tree B in X which contains exactly one 
vertex of every orbit of G on X. Then, by contracting B and all its images under the 
action of G, we obtain a Cayley graph of G. To apply this we now show that we can 
always find a finite subtree B of T which contains the path P* and exactly one vertex 
of every orbit of Pi_ 1 on T. 
Suppose there is a finite subtree B* of T which contains the path P* but there are 
still orbits of Fipl on T which have no vertex in common with B*. We also assume 
that B* is maximal, which means that all vertices of B* are only adjacent to vertices 
which are in those orbits of Fi- 1 which already have a vertex in common with B*. Let 
0 denote an orbit of Fi- 1 which has no vertex in common with B* and let Q be the 
unique path in T from 1 to some UEO. Then, starting at 1, we meet a last vertex w on 
Q which is in an orbit already represented in B* by a vertex u. This means that there is 
an hEFi_ 1 which maps w onto U. But since by assumption the path from u to hu only 
contains vertices of orbits which have no vertex in common with B*, this contradicts 
the maximality of B*. Hence we can find a finite subtree B of T which contains exactly 
one vertex of every orbit of Fi_l on T and also contains the path P*. 
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Then, applying the Contradiction Lemma (cf. Cl]), we obtain a Cayley graph of 
Fi_ r from T by contracting B and all its images under Fi- 1. This Cayley graph also is 
a tree and Fi contains an element f which maps a vertex of this tree onto an adjacent 
vertex, a contradiction. 
Case 2: Let m=2’-‘. 
Then, by induction hypothesis, the vertices on the path from 1 tofare in pairwise 
different orbits of Fi_ 1 on T. Hence, we can apply the same arguments as in Case 1 to 
prove that d(l,f)32’ holds for allfcFi. 
We now choose an integer s> 1 such that 2”> 1 holds. Since every factor group 
Fi_ 1/Fi is an elementary abelian group with 2 r(F’ml) elements, where r(Fi_ 1) denotes 
the rank of Fi_ I, the factor group N = F,/F, is a finite 2-group and hence nilpotent. 
Furthermore, A = F,/[F,, F,] is a free finitely generated abelian group with 
r(A)=r(F,). Hence AzZ r(Fs) Since the commutator group [F,, F,] is a characteristic . 
subgroup of F,, it also a normal subgroup of F,. So the orbits of [F,, F,] on Tgive rise 
to an imprimitivity system, r of F. on T. Hence X0= T, is a Cayley graph of 
So = F,/[F,, F,]. Since A is abelian and N is nilpotent it immediately follows that Se is 
solvable. Of course A is a normal subgroup of finite index of Se and X0 has the same 
valency as T. Also g(X,) > I immediately follows from the fact that d(u, fi) 3 2” holds 
for all ,f~ F, and all VE V(T). By increasing s we obtain infinitely many solvable groups 
So, SI, S2, ... with growth degrees d, cd, cd, < . . . . These groups must be pairwise 
nonisomorphic, which proves the theorem. 0 
We emphasize that the above proof implies that the girth of the finite nilpotent 
groups F,/F, also tends to infinity. Applying the Nielsen-Schreier Theorem, it is also 
possible to give a lower bound for the girth of the above solvable groups as a function 
of the growth degree and the valency. But this bound is much worse than the bound 
given in Theorem 2.2. 
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